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APPLICATION OF HALES-JEWETT THEOREM NEAR 0
PINTU DEBNATH AND SAYAN GOSWAMI
Abstract. The famous van der Waerden’s theorem states that if we
partition N into finitely many cells then atleast one cell contains
arithmetic progression of arbitrary length. The polynomial van
der- Waerden’s theorem states that for p1 (x) , . . . , pk (x) ∈ Z [x]
with pi (x) = 0 and N = ∪
r
i=1Ai. Then there exist i ∈ {1, 2, . . . , r},
a, d ∈ N such that {a+ pt (d) : t ∈ {0, 1, 2, . . . , k}} ⊆ Ai. There are
dynamical, algebraic, and combinatorial proof of this theorem but
its near zero version is unknown. In this article we prove for any
ǫ > 0, if we partition (0, ǫ) ∩Q = ∪ri=1Ai. Then ∃i ∈ {1, 2, . . . , r},
a, d ∈ Q such that {a+ pt (d) : t ∈ {0, 1, 2, . . . , k}} ⊆ Ai.
1. introduction
N. Hindman and I. Leader in [HL], first introduced ultrafilter near 0, which is a
an important field in algebra which deals with partition results using Stone-Cˇech
compactification. The authors developed central set theorem near zero and proved
van der Waerden’s theorem near zero. But still polynomial van der Waerden’s
theorem near zero is unknown, although there are dynamical [BL], algebraic [H]
and combinatorial [Wal] proof of polynomial van der Waerden’s theorem over Z.
Traditionally, van der-Waerden’s theorem can be proved from Hales-Jewett the-
orem which is treated as combinatorial proof. In this article we will prove a Gallai
theorem near 0. And then we will prove the geo-arithmetic progression near 0 and
polynomial van der-Waerden theorem near 0 using set polynomial Hales-Jewett
theorem.
Conventionally [t] denotes the set {1, 2, . . . , t} and words of length N over the
alphabet [t] are the elements of [t]N . A variable word is a word over [t]∪{∗} where ∗
denotes the variable. A combinatorial line is denoted by Lτ = {τ(1), τ(2), . . . , τ(t)}
where τ is a variable word and Lτ is obtained by replacing the variable ∗ by
1, 2, . . . .t.
The following theorem is due to Hales-Jewett [HJ].
Theorem 1. For all values t, r ∈ N there exists a number HJ(r, t) such that, if
N ≥ HJ(r, t) and [t]N is r colored then there exists a monochromatic combinatorial
line.
We are going to use the above theorem to deduce some interesting results. As,
we are specially interested in the set of rational number, we will consider the set
(0, 1) ∩Q and deduce results for this set.
The second author is supported by UGC-JRF fellowship.
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Formally we will show for any chosen 0 < ε < 1 , the van der-Waerden’s and
Gallai theorem for (0, ε) ∩Q. We will prove the following theorem.
Theorem 2. Let 0 < ε < 1 be arbitrarily chosen, then for any r, k ∈ N there will
exist a finite set A⊂(0, ε) ∩ Q such that if we partition A into r cells, we will get
some a, d ∈ (0, ε) ∩Q such that {a, a+ d, a+ 2d, . . . , a+ kd} is monochromatic.
The above theorem is called finitary van der-Waerdan theorem near 0, a rational
version. Now we state the Gallai theorem near 0, a rational version.
Theorem 3. Let 0 < ε < 1 and r ∈ N be arbitrarily chosen, and F = {s1, . . . , sn} ⊂
Q is given then there will exist a finite set B ⊂(0, ε) ∩ Q such that if we par-
tition B into r cells, we will get some a ∈ (0, ε) ∩ Q and m ∈ Q such that
a+m.F = {a+m.si : si ∈ F} is monochromatic.
We will also give a proof of existence of geo-arithmetic progression near 0 which
was proved in [DP] using algebra of near 0. Here we will prove that result using an
extension of Hales-Jewett theorem due to Beigelbo¨ck in [B08]. But we will use a
more powerful formulation from [BM]. Let us discuss that version of Hales-Jewett
theorem.
Let F denote the set of all finite subsets of N and a subfamily P of F is called
partition regular if for any finite partition of N we will get a monochromatic member
of P . Conventionally, β1 < β2 for βi ∈ F means maxβ1 < min β2.
The following theorem is a variant of Hales-Jewett theorem [BM, Theorem 1.5]:
Theorem 4. Let k, r ∈ N and suppose P be a partition regular family of finite subsets
of N. Then there exists N = N(k, r,P) ∈ N such that if {0, 1, . . . , k}N is r−colored,
then there exist l ∈ N, βi ∈ P , 1 ≤ i ≤ l, with β1 < β2 < . . . < βl < {N + 1}, and
w = u1u2 . . . uN ∈ {0, 1, . . . , k}
N having the property that ui = 0 for all i ∈ ∪
l
j=1βj , such
that {
w{j1,j2,...,jl}(t) : ji ∈ βi, 0 ≤ t ≤ k
}
Where w{j1,j2,...,jl}(t) means each elements uji are replaced by t.
From this theorem the geo-arithmetic progression near 0 can be easily deduced.
The following one is the near 0 version:
Theorem 5. Let 0 < ε <1 be arbitrarily chosen and k, r ∈ N is given, then for
any r−partition of (0, ε) ∩ Q we will get a monochromatic collection of the form
b.(a+ i.d)j where i, j ∈ {0, 1, . . . , k}.
Now we will give an formulation of Polynomial Hales-Jewett theorem from [Wal].
In the paper [Wal], Walter defined for any set Q = [q]N , γ ⊂ [N ] and 1 ≤ x ≤ q,
a ⊕ xγ to be the vector b in Q obtained by setting bi = x if i ∈ γ and bi = ai
otherwise. And a combinatorial line is naturally defined as {a⊕ xγ : 1 ≤ x ≤ q}.
Theorem 6. For any q, k, d there exists N such that whenever Q = Q(N) =
[q]N × [q]N×N × . . .× [q]N
d
is k− colored there exists a ∈ Q and γ ⊂ [N ] such that
the set of points {a⊕ x1γ ⊕ x2(γ ⊗ γ)⊕ . . .⊕ xdγ
d : 1 ≤ xi ≤ q} is monochromatic.
Using the above theorem we will give a polynomial version of van der-Waerden
theorem near 0 stated as:
Theorem 7. Let {Pi}
n
i=1be a collection of polynomials on Q with 0 constant term.
Then for every chosen 0 < ε < 1 and k ∈ N, if we partition (0, ε) ∩ Q into
k−cells, then one of them will contain a configuration of the form {a, a+p1(α), a+
P2(α), . . . , a+ Pn(α)} where a, α ∈ Q.
APPLICATION OF HALES-JEWETT THEOREM NEAR 0 3
2. progressions near 0
First we will deduce Theorem 2 from Theorem 1.
Proof of Theorem 2. Let us choose ε > 0, and suppose r, k ∈ N. Take, the Hales-
Jewett number N = HJ(k+1, r) and choose a rational number d ∈ (0, 1)∩Q such
that N(k + 1)d < ε and a set F = {d, 2d, . . . , kd, (k + 1)d}. Then choose the set
A = {
∑N
i=1 si : si ∈ F}. Now any r−coloring χ
′ of A and this coloring of A will
induce a r coloring say χ of FN by,
χ(x) = χ′(x(1) + x(2) + . . .+ x(N))
when x = (x(1), x(2), . . . , x(N)) ∈ FN .
Then as by Theorem 1, FNcontains a monochromatic configuration of combi-
natorial line, the corresponding monochromatic elements of the line in A will be
{|I|x(i) +
∑
j /∈I
x(j)}x(i)∈F , where I denotes the set of variable’s position in the com-
binatorial line.
Let |I| = n ∈ N and
∑
j /∈I
x(j) = a ∈ (0, ε) ∩ Q ( by N(k + 1)d < ε) and so
a+nF = {a+n.d, a+2n.d, . . . , a+ k.n.d, a+ k + 1.n.d} is monochromatic and the
result is obtained. 
Now, we will prove Theorem 3.
Proof of Theorem 3. Proof of Theorem 3 Let us choose ε > 0,and suppose F =
{s1, s2, . . . , sk} ⊂ Q
+, the set of positive rational numbers ( though we have taken
positive rationals, but as any finite coloring of (0, ε) induces a finite coloring of
(− ε2 ,
ε
2 ), we can change the following proof suitably for any finite collection of
rational numbers ). Take, the Hales-Jewett number N = HJ(k, r) and choose the
set A = {
∑N
i=1 si : si ∈ F}. Now take a sufficiently large number m ∈ N such that
maxA
m < ε.
Now any r−coloring χ′ of B = Am = {
∑N
i=1
si
m : si ∈ F} induces a r coloring say
χ of FN by,
χ(x) = χ′(sx(1) + sx(2) + . . .+ sx(N))
whenever x = (sx(1), sx(2), . . . , sx(N)) ∈ F
N .
Then as by Theorem 1, FNcontains a monochromatic configuration of combina-
torial line, the corresponding monochromatic elements of the line in B = Am will
be {|I| 1msi +
1
m
∑
j /∈I
sx(j)}si∈F , where I denotes the set of variable’s position in the
combinatorial line.
And 1m
∑
j /∈I
sx(j) + |I|
1
msi = a +
n
msiwhere a =
1
m
∑
j /∈I
sx(j) and n =| I | and as
maxA
m < ε, a,
n
m ∈ (0, ε) ∩Q.
This proves the Gallai theorem. 
Now we will prove the geo-arithmetic progression.
Proof of Theorem 5 . The proof is similar as it was deduced in [Wal].
suppose P be a partition regular family say the collection of length k arithmetic pro-
gressions of finite subsets of N.
Let us consider the set {0, 1, . . . , k}N and a number M that we will choose sufficiently
large which we will deduce and N from the theorem 4 and a collection β1 < β2 < . . . < βl <
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{N + 1}. Consider for each α ∈ {0, 1, . . . , k}N , the mapping f : α → 1
P
∏
t∈[N]
(
t
M
)α(t)
,
where 1
P
< ε and N
M
< ε.
Now any r−coloring of (0, ε) ∩ Q will induce a r−coloring of {0, 1, . . . , k}N by the
mapping f .
Now, the set w{j1,j2,...,jl}(x) where ji ∈ βi, 0 ≤ t ≤ k is monochromatic by theorem 4
So,
w{j1,j2,...,jl}(x) =

 1P
∏
t∈[1,N]\{j1,j2,...,jl}
(
t
M
)w(t)
(
j1
M
)x (
j2
M
)x
. . .
(
jl
M
)x
: ji ∈ βi


Here, as our assumption of P , each ji ∈ βi is of the form of some {ai + j.bi : 0 ≤ j ≤ k}.
So fixing elements ji(for i = 2 . . . , l) we will get a monochromatic configuration of the
form a.(p.a1
M
+ j.p. b1
M
)i where j, i ∈ {0, 1, . . . , k} and a = 1
P
∏
t∈[1,N]\{j1,j2,...,jl}
( t
M
)w(t)
whereas p = m2...ml
Ml
,mi ∈ ji is fixed and so, trivially the geo-arithmetic progression is
monochromatic.

Now we will give the proof of polynomial van der-Waerden theorem near 0.
Proof of Theorem 7. Let Pi(x) ∈ Q[x] for i = 1, 2, · · · , n be the collection of polynomials
which is given. Let aij (j = 1, . . . , d) be the coefficients of Pi for i = 1, . . . , n and degree
of Pi is di.Assume the highest degree of those polynomials d. Take the base set,
[q] =
{
aij
bj
| for i = 1, 2, · · · , n and j = 1, 2, · · · , d
}
∪ {0}
In the proof we can choose b ∈ N sufficiently large as Polynomial Hales-Jewett theorem
do not depend on base set but on it’s cardinality.
Now take the polynomial Hales Jewett number PHJ(q, k, d) = N guranteed by Theo-
rem 6. Let Pi(x) =
∑di
j=1 a
i
jx
j for i = 1, 2, · · · , n. We can take
b ≥
[
4
∑n
i=1
∑di
j=1 |a
i
j |(N +N
2 + . . .+Nd)
ε
]
+ 1 ∈ N.
Obviously
∑n
i=1
∑di
j=1 |
aij
bj
| < ǫ
4
. Now take base set
Now make a new set Q = Q(N) = [q]N × [q]N×N × . . . × [q]N
d
and if x ∈ Q, take
sum(x) = sumof all coordinates of x. Then according to the above discussion sum(x) ∈
(−ǫ/4, ε/4) ∀x ∈ Q. ( Here should note that we have chosen b sufficiently large that
modulus of all the sums are less than ε/2). Let r ∈ (ε/4, ǫ/2) ∩ Q, then we can construct
a function f : Q→ (0, ǫ) by f(x) = r + sum(x)
Then any partition of (0, ε) ∩ Q induces a partition on Q and by Theorem6 one cell
will contain a configuration of the form F = {a⊕ x1γ ⊕ x2(γ ⊗ γ)⊕ . . .⊕ xdγ
d : xi ∈ [q]}
where a ∈ Q and γ ⊂ N . Now F maps to
{
r + s+
∑d
i=1 xic
i : xi ∈ [q]
}
where c =| γ |,
the cardinality of γ.
Now the following configuration will also be contained in one of the cell in obvious way,
(0.1) r + s+
d∑
j=1
xjc
j = r + s+
d∑
j=1
aij
bi
cj = r + s+
d∑
j=1
aij
( c
b
)j
And therefore we get the desired configuration of the form a+ Pi(
c
ζ
) for all i.
This completes the proof.

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